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1. INTRODUCTION

1.1 PROBLEM/OPPORTUNITY

High-flying unmanned reconnaissance and surveillance systems are now being used
extensively in the United States military. Current development programs will soon produce
demonstrations of next-generation unmanned flight systems that are designed to perform combat
missions. In practice, these vehicles must achieve a high level of autonomy in operations to be
successfully deployed in large numbers. Their use in first-strike combat operations will dictate
operations in densely cluttered environments that include unknown obstacles and threats, and
will require the use of terrain for masking. The demand for autonomy of operations in such

environments dictates the need for an on-board trajectory optimization capability.

1.2 OVERALL PROGRAM OBJECTIVE

The original phase I program solicitation establishes the overall program objective as:

“Develop, implement, and demonstrate algorithms for real-time trajectory
generation of autonomous nonlinear flight systems. The algorithms must be capable of
dealing with complex nonlinear vehicle dynamics, actuator and system constraints, as

well as fixed and pop-up threats”.

1.3 BACKGROUND ON TRADITIONAL METHODS
In any given mission scenario, the initial conditions, requirements, objectives, vehicle
dynamics, and constraints can be analyzed at varying levels of detail to produce a number of

feasible flight plans. However, in most situations conflicts will arise between the cited factors




that necessitate trade-off of one for the other. Ad hoc methods of solution can be constructed for
simple missions with relatively few constraints, but such methods are quickly overwhelmed as
problem complexity grows. In such cases formal methods for trajectory optimization are needed

to identify a dynamically feasible solution that is “best” in some sense.

Methods available for solution of trajectory optimization problems generally fall into two
distinct categories: direct and indirect. The former, which are numerical, seek to minimize or
fnaximize the performance index directly by judicious choice of free parameters. The latter, for
which analytic solutions can sometimes be derived, at least for problems of low order, seek to
minimize or maximize the performance index indirectly by satisfying the first order necessary

conditions for optimality that result from the application of the Calculus of Variations.

The direct approach first requires parameterization of the controls using discretization,
spline fit, or the like. A parameter optimization algorithm is then employed to sequentially
improve an initial guess of the state and control histories. Many such algorithms are in general

use today and include variations on gradient and variable metric techniques.

The application of the necessary conditions for optimality (the indirect approach)
generally results in a two-point boundary value problem (TPBVP). Analytic solutions are
generally unobtainable except for problems of low order, and thus one must usually resort to
numerical methods of solution. Nonlinear TPBVP are generally attacked using initial value or

finite-difference methods. Initial value methods, often referred to as shooting methods,




continually satisfy the given initial conditions and the differential equations. A nominal solution
is generated by guessing the missing initial conditions and integrating the differential equations
forward in time. Bisection or other root-finding algorithms are then employed to reduce the
cumulative error in the final conditions with each iteration. In contrast, finite-difference
methods, also referred to as quasi-linearization methods, generally satisfy the initial and final
conditions at each stage of the process while violating the differential equations to some degree.

In between the pure shooting and finite difference methods fall the multi-point methods.

While great success has been achieved in numerically solving complex nonlinear
trajectory optimization problems using direct and indirect techniques, many short comings still
exist. Parameter optimization schemes tend to be tolérant of a poor initial guess but are in
general slow to converge. Indirect methods, in contrast, can usually achieve greater accuracy in
fewer iterations but also exhibit much greater sensitivity to the initial guess. Essentially all of the
available methods in both categories demand computational resources that until recently were
simply unavailable in a flight environment. For complex problem formulations with full vehicle
dynamics, most have run times that preclude real-time mission updates. Almost all suffer from

great complexity of implementation.

For these reasons, past aircraft trajectory generation studies were rooted in classical
optimization theory and the calculus of variations. The focus was on up and away flight, with
minimal concern for nap of the Earth maneuvering flight. A great variety of practical methods

for optimizing the flight of aircraft both in two and three dimensions were developed in the




1960s and 70s. Much of this work began with the studies performed by Bryson based on
minimizing time, fuel or range using reduced order modeling methods [1-3]. Subsequently, the
use of singular perturbation methods, and multi-time scale analysis for trajectory optimization
were suggested by Kelley [4,5], and later extensively developed and applied by Calise [6-9],
Ardema [10] and others. A recent survey article may be found in [11]. In the work of Calise,
the emphasis was on obtaining analytic or near-analytic feedback solutions that could be

implemented with very limited computing resources in real-time.

Singularly perturbed dynamic systems are characterized by a small parameter multiplying
the derivatives of some state vector components. If the parameter epsilon is set to zero, the order
of the dynamic system is reduced. The solution to the reduced order problem that results when
epsilon is set to zero provides the leading term in a perturbation series. Of course, the reduced
order solution is not able to satisfy all the boundary conditions of the original full order problem.
This is compensated for by constructing boundary layer transients that allow rapid variation of
the fast states on a stretched timé scale. The boundary layer solutions are required to satisfy the
boundary conditions violated by the reduced solution and to approach the reduced solution

asymptotically.

Natural time scale separation that exists in aircraft dynamics allows the successful
application of singular perturbation methods to problems in atmospheric flight path optimization

[12]. The reduced and boundary layer problems are often solvable using analytic methods alone.




This has made a unified analysis of 3-D high-performance aircraft path optimization possible

[13].

1.4 PROPOSED INNOVATION

If we now consider flight of high performance aircraft at low levels where terrain and
obstacles must be accounted for, the reduced order problem can no longer be solved in a purely
analytic fashion. In this work, we exploit the natural time-scale separation in the flight vehicle
dynamics, and the method of matched asymptotic expansions described above to analytically
treat the nonlinear aircraft dynamics and associated constraints, and to address the path planning
portion of the problem using numerical methods applied to only the kinematics in the x, y
subspace. That is, numerical methods are used to solve the reduced order problem, and analytic
solutions will be used to construct the boundary layer solutions. This novel approach builds on
decades of previous work in efficient flight path optimization and real-time optimal guidance,
and focuses the use of numerical solution procedures on only that portion of the problem for
which fully analytic solutions are not available. The result is robust, autonomous, real-time

optimal trajectory generation for nonlinear flight systems in complex mission scenarios.




2. REDUCED ORDER PROBLEM

In the early 1990s, P. K. Menon and Eulgon Kim researched methods of optimal trajectory
path planning for terrain following and terrain masking flight. This research produced a reduced
order formulation based on a constant velocity approach [14,15]. This chapter begins by

expanding on the work done by Menon and Kim while using a constant energy approach.

2.1 A SIMPLIFIED FORMULATION

Consider the equations of motion for a flight vehicle written in a local level frame,

).c= V cosy (1)

;) =Vsiny 2)

where x and y are the position coordinates, y is the heading angle (and also the control variable)

and V is the horizontal component of velocity. If the vertical component of velocity is small,

then V can approximately related to energy per unity mass (£) by

V=\28(E~ fi(x,y)-h,) K€
In this expression A, is the ground clearance and fj(x,y) denotes the terrain altitude profile.

Note that (3) embodies the constraint that the vehicle maintains a fixed height above the terrain.
However, this is only approximately the case since ¥ in this formulation is not the total velocity.

The cost equation is




J= [ I-K)+Kf (x.)ldi “)

The function f(x,y) denotes a combined penalty function of the terrain and threats. The
weighting parameter, K, can vary between 0 and 1 and determines the amount of terrain masking
and threat avoidance used in the optimization. When K = 0, the equations are optimized with
respect to time. When X is set to 1, the path is optimized with respect to the threats and the |
terrain. For example, if f(x,y)= f,(x,y), then the path that minimizes the integrated altitude
profile is found. More generally a weighted function of the terrain and threats will be employed,
f(x.y)=fi(x,y)+ fa(x,y), where fo(x,y) is used to introduce a penalty for flying in the
vicinity of a threat. Values of K between 0 and 1 correspond to a compromise solution.
The Hamiltonian equation is represented as
H=1-K+Kf(x,y)+ AV cosy + A,V siny 5)

Here, A, and A, are the costates. The differential equations for the costates are:

M OH

Ac==r ©

. OoH

A, =-2 7
% ™)

Evaluating these derivatives results in the expressions

/.Ix =-Kf + % [ﬂx cosy + 4, sin l//] (8)

. of, .
Ay =—Kf, + -—Vl—y[/lx cosy + 4, smw] )




In this expression, f,fi, and fy,f;, denote the partial derivatives of f(x,y), fi(x,y) with

respect to x and y, respectively. The optimality condition is

=0 (10)
which results in

tany =~ - 11

X

In this formulation, the final time is free, and since the formulation is time invariant, H =0
all along the trajectory. Using this fact together with (11), it is possible to obtain the following

solutions for the costate variables

_ -(1-K+Kf)cosy

A 12
x V (12)
A= —(1-K +Kf)siny 13)
14
Taking the time derivative of (12) results in
~(&f, x+Kf, y e v+ f,, y [1-K+Kf)cos .
ix= (fxx fyy) OSW_(flxx flyy]( fe W+(1—K+Kf)Vy/smy/ (14)

v? v? v?

This expression can be used in (8) to solve for the heading angle rate




°=Assiny/+Ascosy/ 15
v AV (1)
where
A =KfV’ + f,Ag (16)
A6 = I<fyl/2 +.flyA4g (17)
A4, =1-K+Kf (18)

At this point, the problem to be solved has been reduced to three state equations (1), (2) and (15)

to be solved, with only one unknown parameter to be determined, y(0), the initial heading

angle. Thus the family of extremals is parameterized by y(0).




2.2 THE LOCAL TANGENT PLANE FORMULATION

Consider next a formulation that incorporates the constraint that the vehicle flies
tangentially to the local terrain directly into the equations of motion. This is done by using the
formulation in References 14 and 15 that starts out by writing the equations of motion in a local
tangent frame. In the local tangent frame, the form of these equations become identical in form
to (1) and (2), however ¥ represents the total velocity in this formulation. Consequently the
approximation embodied in the first formulation presented above is eliminated. After

transformation to the local level frame, the equations motion become:

. 1% ;
L V cosy N f. [, siny

19
4 44, (1
*  —VA siny
y= 4 (20)
where,
V=y28(E-f(x,y)-h) (1)
A =41+ fx2 (22)

4, = 1/1+er2 +f; (23)
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The control variable is still y, the local heading angle, and the cost equation is the same as

stated in (4).

The Hamiltonian for this system becomes

14 i - i
H=1-K+Kf+4| ¥, 7S, sy +2, “VAsmy |, (24)
Al Al A2 AZ
and the costate equations are found to be:
e =—Kf. +C;[C2 +C,sirf y—C, cod V/+C;(cos¢,u)(sinw)] (25)
Ay =-Kf, +C, [C6 +C, sin’ y—C, cos y/+C9(cos,y)(siny/)] (26)
where,
B = fuf, + fifs 27)
B2=fxxfx+fyfxy (28)
B3=f)yfy+fxfxy (29)
B4=fwfx+fyf,\y (30)
A4
C 4 31
LoAaAY? G

C2 = _gf xA12 Az2 (32)
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Co=V f [ (33)

C,=C,—-AV*B, (34)
C, =4,V (428, -2121, f.) (35)
C, = —gf, 42 4} (36)
C, = A2V*f.f, 37
C,=C, - A’V’B, (38)
C, = 4V (4B, -2£21,1,) (39)

The corresponding optimality condition is

(40)

Following the same procedure as described for the simplified formulation above, (24) and

(40) can be used to solve for A, and A,,:

A = = 4.4 cosy (41)
|4
1 < A‘,(A2 siny —fxfy cosy/) “2)

’ VA4,

Taking the time derivative of (41) and setting it equal to (25) yields the following expression for

the heading angle rate:

12




v’/ _ D, sin (//;:{D2 cosy @3)
where:
D, =AV fE, - A'AE, (44)
D, = f}f,E, - A'Vf,E, (45)
D, = A 4,4V (46)
E =AVK-AV>f, +gAl AV 47)
E,=A’K +gA?4, - AV f,, (48)
E,=A,f, - AK (49)
E = gAY, + 2 (50)

2

As with the previous formulation, the system is now reduced to solving three differential

equations with one unknown parameter, the initial heading.

13




2.3 INTRODUCING A HEADING RATE CONSTRAINT

A constraint on the heading rate can be incorporated by introducing the equation

y=u (51)
where u is the new control variable. The heading rate constraint is modeled by imposing the
following constraint on u

u|<c (52)

The constraint is adjointed to the Hamiltonian by using constraint multipliers. This results in

H=1-K+Kf + A, x+ A, y+ A u+ ph (=) + pty (-1 —©) (53)

In this expression, 4, is the costate variable corresponding to the newly introduced y state, and

w; and g and are multipliers used to impose the upper and lower limits on the heading rate.
When the control is not on one of the constraints, x4 and g are both equal to zero. When the
control is on one of the constraints, the corresponding multiplier is positive.

When not on the constraint we have a singular solution

%:o:xw (54)

which further implies that /.1.,, = (. The differential equations for the costates are found from the

following relations:

14




Equations (55) and (56) are the same as those obtained earlier in (8) and (9) or (25) and (26), and

(57) reduces to the optimality conditions in (11) or (40). Therefore, the portion of the trajectory
in which the constraint is not on the limit may be solved the same way as described earlier for the
unconstrained case.

When the optimality conditions result in a solution that violates the upper limit, 4, = 0, while
41 = 0 and the new optimality equation is

OoH
E‘=0=/1W+,Ul (58)

which results in the relationship
Ay =—14 (59)
The Hamiltonian can then be written as

H=1-K+Kf + 2 x+ A, y+ A c (60)

The differential equations for 4, and A, remain unchanged while the differential equation for 4,

is found to be

iv, = A Vsiny — AV cosy (61)

or

15




s A4, siny— £, /, cosy/)+lyV4 cosy

Ay 62
A4, ©

for the first and second formulations, respectively. This results in a system of six differential
equations that must be solved for along a constrained arc. When the problem solution does not
begin on a constraint, there are no unknown parameters to be found when a constraint is hit. All
of the initial conditions are equal to their respective values at the point of entering the constraint,
which can be easily calculated. However, if the solution begins on the constraint, the initial
conditions for the three costate differential equations -- equations (55), (56) and (57) -- must be
solved for.

The constrained solution for the case where the unconstrained solution violates the lower
limit mirrors the constrained solution obtained for the case where it violates the upper limit. The
only difference is in the optimality condition.

OH
Eu‘=0=/1w“ﬂz (63)

which yields thé relationship
ﬂ’w = lu2 (64)

Here the new Hamiltonian can be written as

L3

H=1-K+Kf + 4, x+4, y- 4 c (65)

2.4 FORMULATING THE ALPHA LIMIT

Another possible method of constraining the turn rate is through the analysis of the alpha -- or

angle-of-attack -- limit. The equations for heading and flight path angle rate are:

16




mVy =Lsinp/cosy 66)
mVy = Lcos u—W cosy

where V is the total velocity,  is the heading, y is the flight path angle, L is the lift, 4 is the
bank angle, and m is the mass. In low speed flight, the turn rates in (66) are limited by the stall

angle of attack. The lift limit that results from a limit on angle of attack is given by

L =¢SC; =4SC;,@ (67)

where the overbar indicates a limit value. Note that since q is a quadratic function of ¥, (66)
implies that for given alpha, both heading rate and flight path increase linearly with velocity.
Thus, if the flight speed is already being maintained as high as possible, maintaining a

commanded heading rate when on the alpha limit by using throttle control is not an option.

Assuming that throttle is used to maintain constant energy, the expression for the first and

second time derivatives of altitude are:

h= Vsiny
) ) (68)
h=—-gsin“y+Vcosyy

The second equation in (68) can be used to solve for the flight path angle rate needed to follow

the terrain, where y and / are related to the terrain data using

17




siny =(fxX+fy3)/V

R . 2 (69)
h=fxx+fyy+fxxx +(fxy+fyx)xy+fyyy
Note that the second equation in (69) together with the second equation in (68) establish an

algebraic constraint on y so long as f,and fdo not simultaneously vanish. Consequently,

viewing alpha as the fundamental limit results in a limit on  through (66) that is a complex
function of x, y and y. Therefore, the corresponding costate equations become significantly

more complex when the alpha constraint becomes active. This is in contrast to the situation
described so far in this paper, where the x and y costate equations remain the same when on the

heading rate limit.

2.5 INTRODUCING VELOCITY AS A CONTROL VARIABLE

The constant energy formulation was originally introduced as a potentially more realistic
formulation than the constant velocity formulation of Ref. 17, particularly for vehicles with low
thrust to weight ratio. However, a deficiency of the constant energy formulation is that it results
in low velocities at high altitude and high velocities at low altitude, the oppqsite of what might
be expected for a realistic trajectory. In a practical system, the velocity profile would be
controlled to provide the highest possible airspeed during periods of straight flight. The question
becomes how velocity should be regulated during periods of maneuvering flight. As noted

above, if the aircraft is angle of attack limited, then the maximum turn rate increases linearly

18




with velocity. However, for terrain following, it can be argued that turn radius is of greater

concern than turn rate. Since turn radius (R) is related to turn rate () and velocity (¥) by

1
<

R$ (70)

it follows that the minimum turn radius is independent of velocity. Thus is would appear that the
constant velocity formulation of Ref. 14 would be appropriate for vehicles whose turn radius is
angle of attack limited. However, vehicles capable of high-speed flight are typically load factor
limited above a speed known as the corner velocity. The comer velocity is defined by the

condition

L=4¢SC, @ =——=—=WG (71)

where @ is the alpha limit and G is the load factor limit. Solving (71) for the corner velocity

we get

A N CE (72)

pSC; @

a

The corner velocity can vary significantly depending on the vehicle characteristics and its limits.

This section considers a new formulation in which both ¥ and turn rate are treated as a

19




control variable. To sirriplify the formulation of the turn rate limit, the effect of gravity is
ignored, and all turning is assumed to take place in the horizontal plane. A more detailed
formulation is described above in the section Formulating the Alpha Limit, however it is not
clear at this stage if that formulation will be tractable. To further simplify the presentation, the
‘treatment is limited to the simplified formulation in which the vertical component of velocity is

ignored in the dynamics. The dynamics are:

x=Vcosy
y =Vsiny (73)
v =u
The constraints are:
V<V<V
_ (74)
|u| <ua(v)

It is assumed that the upper and lower limits on V are constant. The upper limit on u is velocity

dependent, and follows from the approximation (ignoring gravity)

u=L/mV (75)

Thus it follows from (71) and (72) that

20




C, @
Pl yey,

u(v)=4{ 2um (76)
gG
=—, V>V,
14

Note that #(V )is independent of ¥ when ¥V <V, and that di /dV is discontinuous at V' =V.

Clearly, from the earlier discussion, this formulation is only needed for the case V> Ve,

otherwise from the perspective of minimizing the time of flight, there is no advantage to flying at

any speed less that ¥ . We further assume that ¥ <¥,. Then it is fairly safe to assume that the

lower limit on ¥ is never active, since there is no advantage to flying at a velocity less than V.

With this reasoning, it also follows that only the lower expression for # (V') applies.

The performance index is the same as that described earlier

J= [ IN-K)+Kf(x,p))e @)
where the final time is free. Thus the Hamiltonian for this system satisfies
H=1-K+Kf(x,y)+ AV cosy + A,V siny + Ayu + constraint s = 0 (78)
The constraint terms can be expressed as

constraints=,u1(u2 —-172)+,u2(V—I7) (79)
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Both constraint terms are written in a form such that the quantities in parenthesis are negative

when the constraints are not active. Therefore ; >0 when the i™ constraint is active, and
4; =0 when i constraint is inactive . It is apparent from (78) that when the constraint on  is

inactive, H is a linear function of both ¥ and u. Therefore the optimal solution for V is either at
its limit, or is singular. Since final time is a component in the performance index, it is probably

safe to rule out the possibility that a singular arc in ¥ is optimal. Therefore, we assume that when

the constraint on u is inactive, the optimal solution for V is y* =V . Furthermore, when the
constraint on  is inactive it follows that the optimal solution for u is singular, in which case we

have that along a singular arc:

d

EH,‘=AV,(¢)=0

PR (80)
dr?

The conditions in (80) can easily be used to deduce the fact that the trajectory equations defining
an extremal arc can be derived using the same approach as above, with the simplification that V'
is constant. The same conclusion can be reached for the tangent plane formulation. Therefore,
when the constraint on u is inactive, the equations are simpler in form than those above, and

reduce to the equations in Ref. 14 for the tangent plane formulation.

When the constraint on u is active, then [u| = gG /¥ and the optimal value for ¥’ follows from

the optimality condition:
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=512
Hy Eg%—=lxcosw+)tysint//+,ul 2(‘?/(;) =0 (81)

Now (81) applies only when the resulting solution (V") satisfies 8BS V., since as noted earlier,

#(V ) has a corner (discontinuous first derivative) at ¥ =¥,. If (81) results in a solution that is

less than V., then the minimum for H occurs at v = V.. The multiplier 4 can be related to

Ay using
2u,8G
H,=2, +-—;/—sgn(u) =0 (82)

Note that since x4, >0, it follows from (82) that sgn(x) = —sgn(4,). Combining (81) and (82)

we have

-gG|4
= £ I'”l . VsV (83)
A, cosy + A, siny

otherwise V' = V.. Combining (78), (81) and (82) with the fact that |u| =gG /V when the

constraint is active, results in
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H=1-K+Kf(x,y)+2(AV cosy + A,V siny ) =0 (84)

Using the Hamiltonian equation shown in equation (84), the following costate differential

equations can be determined

A =—Kf,
Ay =—Kf, (85)
h=2
This leads to the equation for i,,, .
Ay = =2V (A, cos(y) — A, sin(y)) (86)

These equations can then be integrated to find the solution. As in the heading rate constraint
section, the initial conditions for the costates are known when the overall solution does not start
on the constraint. Otherwise, the initial conditions must be solved for.

In a similar fashion, the corresponding equations for the local tangent plane formulation can

be derived. For this section, the state equations are

x=MV
y=-M,V 87)
y=u
where
M, = cos(y) + fxfy sin(y) (88)
Al AIAZ
M, = A, sin(y) (89)
AZ
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A, and 4, are defined in equations (22) and (23). These equations lead to a Hamiltonian

equation of

H=1-K+Kf(x,y)+ A VM, + A VM, + A, u+ constraints =0 (90)

with the constraint term given in equation (79) above.

As described previously, when the constraint on the heading rate is not met, the problem
simplifies to the constant velocity formulation described in Ref. 14 using the maximum velocity.
For the case when the constraint is hit, the optimality conditions are

_OH 2(gG)*
HV =—a—I;'=/1xM1—/1yM2+/ll V3 =0 (91)

H = +24EC ©2)

" v v sgn(u) =0

These equations can then be combined to find the following optimal velocity

-gG|A
Lo s,
AM, - A M, 93)

V=V, V' <y,

c

Combining (90), (91) and (92) result in the following new Hamiltonian equation. -

H=1-K+Kf(x,y)+2V(A,M, + A, M,)=0 (94)
Equation (90) is used to evaluate the last expression in (85).
Ay ==2V(A,N, -1 N,) (95)

with
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O

Al Al AZ
M, = A cosy) 97)
A2
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3.0 NUMERICAL RESULTS

3.1 MODEL USED FOR GENERIC TESTING

A sample trajectory was generated for both the simplified and local tangent plane
formulations described above. In both cases, the path was from the initial point (-10, -10) to a
final point (10, 10). The terrain was generated from the function
| z =.5co0s(.4x)sin(.3y) +1 (98)
and the function f(x,y) was chosen to equal fi(x,y). The trajectories found with each
formulation are essentially identical. Figure 1 below shows the path over the terrain for k=1
while Figure 2 shows the trajectory for K=0. In Figure 2, this path is basically a straight line. In

Figure 1 it can be seen that the trajectory winds around the hills.

Terrain Elevation Temain Elevation

Figure 1: (-10, -10) to (10,10): K=1 Figure 2: (10, -10) to (10,10): K=0
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Although the trajectories are nearly identical, this does not imply that the simplified formulation
can be used in place of the tangent plane formulation with negligible effect on the guided
solution when the full aircraft dynamics are taken into account. This can only be assessed using

a higher fidelity simulation of the aircraft motion.

3.2 REAL TERRAIN DATA

To increase the realism of this model, real terrain data was acquired from the United States
Geological Survey to incorporate into this model [16]. The data was found in tabular format
relating the altitude to the locations longitude and latitude, with data points spaced approximately
every 48 feet. This data was then converted to matrix form, from which it could then be used as
fi(x,y). Because of the distance between the sampled altitude points in the matrix, the data was
then smoothed to appear more continuous and to remove the discontinuous leaps in altitude. The
gradients of this matrix, along both the x and y directions, were calculated numerically to form

matrices representing f,,(x,y) and f,,(x,¥). The gradients of these two matrices yielded

matrices for f,,.(x,), f;,,(x.») and £, (x,).

For this portion of the testing, it was decided to use a section of terrain near Columbus, Ohio.
A profile of this terrain can be seen in Figure 4. In this graph, the x and y axes depict the
position coordinates, measured in feet, such that the x axis point north and the y axis points west.
The altitude of the terrain is measured along the z-axis and is also given in feet. This plot

depicts a square plot of land, with 10,000 feet to a side. The measurements along the x and y
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axes are relative to a set origin for the terrain data collected; this plot is just one small piece.

3.3 TERRAIN PATH RESULTS

Some initial results using actual terrain data have been investigated using the simplified
formulation described above. The energy, which is stated and held constant through the
calculations, was found by determining the energy needed to fly the vehicle at its minimum speed

at the highest altitude position in an area near the flight path. This

Terrain E levation

Figure 4: Terrain Plot of an Area Near Columbus Ohio

ensures that the necessary velocity for flight is never smaller than the minimum. However, if the
change in altitude is too large, the velocity of the plane can exceed its upper bounds at lower

altitudes, so a velocity constraint will need to be implemented.
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Some flight paths have been computed using the simplified formulation outlined above.
Initial results from this can be seen in Figures 5 and 6. In Figure 5, it can be seen that a flight
trajectory is outlined from the point (15500,34000) to (18300,31800) -- this entails a flight of
3561 feet. Figure 6 shows a trajectory of 3688 feet from the point (18000, 34100) to (15200,
31700). In both plots, the black trajectory represents K = 1 while the purple trajectory is for the

case K=0.

Figure 5:  Sample Flight Path from (15500,34000) to (18300,31800) Using Simplified
Formulation. Black line represents K=1 and Purple line represents K=0.

x10°

Temsin Elewation

T

178

Figure 6:  Sample Flight Path from (18000,34100) to (15200,31700) Using Simplified
Formulation. Black line represents K=1 and Purple line represents K=0.
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Figure 7 depicts trajectories created from the local tangent plane formulation. The two plots
are for the same initial and final conditions as those shown in Figures 5 and 6. The results for the
two formulations are very similar. Figure 8 shows a comparison of the results of the two
formulations. In these plots, the red line indicates the results from the local tangent plane

formulation while the black line represents the simplified form.

Figure 7:  Sample Flight Paths from (15500,34000) to (18300,31800) and (18000,34100) to
(15200,31700) Using Local Tangent Plane Formulation. Black line represents K=1
and Purple line represents K=0.

Figure 8:  Sample Flight Paths from (15500,34000) to (18300,31800) and (18000,34100) to
(15200,31700) Using K=1. Black line represents Simplified Formulation and Red
line represents Local Tangent Plane Formulation.
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In addition, as can be seen in the figures, the trajectories for both K =0 and K = 1 are similar.
This is because a minimum time approach with constant energy will also work to minimize the
altitude of flight, to some extent, due to the fact that the velocity of the vehicle